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Dynamics of Slender Bodies Separating
from Rectangular Cavities

V. I. Shalaev¤ and A. V. Fedorov†
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and

N. D. Malmuth‡
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Vertical and pitching motions (two degrees of freedom) ofa thin body of revolutionseparating from a rectangular
cavity in a subsonic stream are investigated using combined asymptotic and numerical methods. The analysis is
based on explicit analytical solutions for the lift force and pitching moment obtained in our previous studies. Body
trajectory dependencies on initial conditions, body parameters, and freestream velocity are studied. The problem
is divided into three phases of the motion. In phase 1, the body is inside the cavity. In phase 2, the body crosses
the shear layer, and in phase 3, the body is outside the cavity. For phases 1 and 3, analytical solutions of the body
dynamics are obtained for typical cases. This analysis provides insight into the separation process and identi� es
governing lumped nondimensional parameters relevant to the body dynamics as well providing a model that can
provide quick, computationally non-intensive estimates of store separation with a personal computer. The role of
the nondimensional parameters in the dynamic stability eigenvalues is identi� ed and found particularly useful in
this connection. These parameters implicitly contain the effect of the shear layer. Numerical calculations for all
three phases are in good agreement with a major portion of the free-drop experimental data obtained in a subsonic
wind tunnel. However, there are cases when the agreement is only satisfactory. The discrepancy is associated with a
pitching bifurcation when the body crosses the shear layer. It is shown that small variation of the initial conditions
can trigger quick transition from one pitch angle trajectory to another and cause dramatic changes of the body
trajectory outside the cavity.

Nomenclature
a.x/ = local body radius
a0 = maximum body radius
bi = coef� cient de� ned after Eqs. (4), i D 1, 2
bi j = coef� cient de� ned after Eqs. (4), i; j D 1, 2
cg = gravity force coef� cient (Froude number);

Eq. (2c)
cl = lift force apparent mass; Eq. (2c)
cm = apparent pitch inertia; Eq. (2c)
G1; G2; G3 = coef� cients de� ned in Eq. (3d)
g = gravity acceleration
g0; g1; g2 = body shape factors; Eq. (3c)
H .X; t/ = vertical distance from body axis to slip surface
H0 = cavity depth
I = moment of inertia
L = lift force
l0 = body length
M = pitch moment
m = body mass
p = pressure
t = time
u; v; w = � ow velocity components
Va = de� ned in Eq. (2b)
Vr = characteristicvertical speed
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V0 = body initial vertical speed; see Eq. (2d)
X; Y; Z = Cartesian laboratory frame with origin

shown in Fig. 1a
X c; Yc; Zc = Cartesian moving body axes with origin

at body c.g.
x; y; z = Cartesian moving body axes at general

location in body
® = pitch angle or angle of attack
®11; ®12; ®22 = coef� cients de� ned after Eq. (3)
° = angular velocity stability parameter, Re.¸/
11; 12; 13 = coef� cients de� ned after Eqs. (4)
± = body half-thickness ratio, Oa0=Ol0

µ = azimuth angle
¸ = eigenvalue
½ = density
8 = near-� eld � ow potential
Ä = angular frequency of body oscillations, ¡Im.¸/
! = pitch angular velocity
!a = de� ned in Eq. (2b)

Subscripts

a = body cross section of radius a
b = body surface
c = c.g.
e = body base
0 = initial value
1 = freestream

Superscripts

^ = dimensional value
C = inside the cavity

Introduction

M ODELING of store separationfrom a cavity, even into a sub-
sonic external stream is a very dif� cult problem that is the

subject of the intensive application of current computational � uid
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dynamics. The motivation of the work described herein is the need
for quick methods for certi� cation and assessmentof the physics of
store separationfrom cavities.Similar rapid evaluationmethods are
needed for stage and cargo separations. A variety of computational
methods have been developed.1¡3 As contrasted to pure computa-
tionalmodeling, this paperdiscussesa combinedasymptoticand nu-
merical approach. It will be applied to solve aerodynamicproblems
relevant to separation of a thin body of revolution from rectangular
cavities into subsonic or transonic � ows.4;5 The separation process
can be divided into three phases. In phase 1, the body is inside the
cavity. In phase 2, the body crosses the shear layer that separates the
cavity � ow from the external� ow. In phase3, the body is outside the
cavity. In many practical cases, viscous effects can be approximated
with inviscid models. As an example, a vortex sheet representing
an in� nitesimally thin slip surface can be used to approximate the
shear layer over a cavity. This approach is consistent with simu-
lating the cavity shear layer interaction as a rational outer solution
that is associatedwith viscous–inviscid interactiontheory.This is an
extensionof the conceptof transpirationvelocities(outer limit of in-
ner solution for asymptotic matching) that arises in boundary-layer
viscous– inviscidinteractions.It leads to a self-consistentsimulation
of the shear layer as an inviscid vortex sheet. Also, we time aver-
age the unsteady motions of the shear layer, because these are on
a timescale that is at least three orders faster than the Froude scale
of the dropping body. This is a self-consistent approximation that
should be realistic for the practical case of high Reynolds number
of the approachingboundary layer.

Also, the � ow over the separating body can be modeled using
slenderbody theory.6 In Refs. 4 and 5, effectsof the side cavitywalls
were shown to be negligible in all phases of the separationprocess.
In the analysis of this paper, the near-� eld � ow associated with the
body aerodynamics is governed by a system of nonlinear integro–

differential equations. In Refs. 4 and 5, this problem was analyzed
using asymptoticmethods giving explicit analyticalexpressions for
the lift force and pitching moment acting on the body in all three
phases of the separation process. In the analysis, the slip-surface
displacement is neglected. A more general case is when the slip
surface is a free boundarysupportingnonlinearboundaryconditions
and interactingwith the solution. For the practically important case
of small de� ections, the boundary conditions can be linearized on
the slip surface, on the length scale of the cavity. Local � ow scales
have larger de� ections in which an iterative scheme needs to be
used. The nonde�ected slip surface correspondsto the initial iterate
in such a small-perturbationscheme.

Problem Formulation
In this paper, we couple our previous results on the body aerody-

namics with the body dynamicsand analyze two-degree-of-freedom
(DOF) vertical and pitching motions induced by aerodynamic and
gravity forces during the separation process. The coordinate sys-
tems XY Z (attached to the cavity) and oxyz (attached to the
body center of gravity) are shown in Fig. 1. The oxy frame is in-
clined with respect to the XY frame at an angle of attack ®.t/.
This frame can rotate around the oz axis with the angular speed
!.t/ D d®=dt . The c.g. coordinates are expressed as Xc D Z c D 0
and Yc.t/; H .X; t/ D Yc ¡ ®X is the vertical coordinateof the body
axis. Using scaling of the slender body theory,6 we introduce the
nondimensionalvariables

X D
_

X=
_

l0; Y D
_

Y =
_
a0; Z D

_

Z=
_
a0; x D _

x=
_

l0

y D _
y=

_
a0; z D _

z =
_
a0; t D U1

_

t =
_

l0

® D _
®=±; Vc D

_

V c=
_

V r ; ! D ±U1
_
!=

_

l0 (1)

where the body half-thicknessratio ± is treatedas a small parameter.
Cross� ow velocitiesand coordinatesare normalizedby ±U1 and

_
a 0,

respectively.The streamwise and axial coordinatesare scaled using
_

l0; and the pressure perturbation p is normalized with respect to
½1U 2

1±2
_

l
2

0 .

a) Side view

b) Back view

Fig. 1 Scheme of store separation.

As shown in Ref. 5, the equations for vertical and pitching body
motions can be expressed in the form

d.Vc C cl Va/

dt
D cl L1.t/ ¡ cg ;

dYc

dt
D Vc.t/

d.! C cm !a/

dt
D cm M1.t/;

d®

dt
D !.t/ (2a)

Va.t/ D
Z xe

x0

Z 2¼

0

8.x; µ; t/a.x/ dµ dx

!a.t/ D
Z xe

x0

Z 2¼

0

8.x; µ; t/a.x/x dµ dx (2b)

cg D
g

_

l0
±U 2

1
; cl D

¼½1
_

l0
3±2

m
; cm D

¼½1
_

l0
5±2

I

(2c)

where x0 and xe are coordinates of the body nose and base, re-
spectively, and 8 is the near � eld with respect to the body (inner)
� ow potential. We consider the Cauchy initial-value problem for
Eqs. (2a) assuming that the body speeds, c.g. coordinate, and angle
of attack are prescribed at the initial time t D 0 as

Vc.0/ D V0; !.0/ D !0; Yc.0/ D Y0; ®.0/ D ®0

(2d)

Note thatdVa=dt and d!a=dt in Eq. (2a) representthe time derivative
of the cross� ow potential (incompressibleharmonic inner solution)
needed for the pressure in the cross� ow plane from the unsteady
Bernoulli equation.The terms L1 and M1 are integralsinvolving the
squareof thecross� ow speedthat also appearin theBernoullilaw for
the pressure in the cross� ow inner problem. These are determined
from the square of the cross� ow gradient of 8.

In this paper, analytical solutions of the problem (2a–2d) for
phase 1 are obtained for small lift forces compared to the weight.
Slip-surface de� ections are neglected, and Eqs. (2a–2d) are trans-
formed into two decoupledordinarydifferentialequationswith con-
stant coef� cients.A stabilityanalysisof their solutionsis performed,
and behaviors of the pitch angle ®.t/ and the vertical coordinate
Yc.t/ are discussed for typical cases. In addition, the theoretical
model for all three phases [in Eqs. (2) (without the stability lin-
earizations)] is evaluated by comparison of the predicted trajecto-
ries with the experimental data of Ref. 7. The paper concludeswith
some parametric trajectory studies.
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Phase 1: Body Inside Cavity
The lift force L.t/ and the pitching moment M .t/ acting

on the body moving inside the cavity are derived in Ref. 5.
They are expressed as integrals along the body axis with the
integrands being a power series with respect to the parameters
q1.x; t/ D 0:5a=.H0 ¡ H / and q D 0:5a=H , where H0 is cavity
depth shown in Figs. 1a and 1b. If the body is far from the top
cavity wall and the slip surface, then q1 and q can be treated as
small parameters. When terms of the order of O.q3; q3

1 / are ne-
glected, the body cross section vertical velocity V C

a .t/ and angular
velocity !C

a .t/ are expressed in the form

V C
a .t/ ´ ®11.t/Vc.t/ ¡ ®12.t/!.t/

!a.t/ ´ ®12.t/Vc.t/ ¡ ®22.t/!.t/ (3a)

®11.t/ ´ ¼ [g0 C G0.t/]; ®12.t/ D ¼ [g1 C G1.t/]

®22.t/ ´ ¼ [g2 C G2.t/] (3b)

g0 ´
Z xe

x0

a2.x/ dx; g1 ´
Z xe

x0

a2.x/x dx

g2 ´
Z xe

x0

a2.x/x2 dx (3c)

G0.t/ ´ 2

Z xe

x0

£
q2

1 .x; t/ ¡ q2.x; t/
¤
a2.x/ dx (3d)

G1.t/ ´ 2

Z xe

x0

£
q2

1 .x; t/ ¡ q2.x; t/
¤
a2.x/x dx

G2.t/ ´ 2

Z xe

x0

£
q2

1 .x; t/ ¡ q2.x; t/
¤
a2.x/x2 dx (3e)

This transformation helps to express the dynamic equations in a
form convenient for further discussion of the body trajectory fea-
tures. When Eqs. (3a–3e) are used, the trajectory equations (2a) can
be integrated once and expressed in the form

dYc

dt
D ¡

b22.t/

1.t/
cg t C 11.t/

1.t/
V0 C cl ¼!0b1.t/ (4a)

d®

dt
D

b21.t/

1.t/
cg t C 12.t/

1.t/
!0 C cm¼V0b2.t/ (4b)

where the coef� cients are de� ned as

b11.t/ ´ 1 C cl ®11.t/; b12.t/ ´ cl ®12.t/

b21.t/ ´ cm®12.t/; b22.t/ ´ 1 ¡ cm®22.t/

1 ´ b11.t/b22.t/ C b12.t/b21.t/

11 ´ b11.0/b22.t/ C b12.t/b21.0/

12 ´ b11.t/b22.0/ C b12.0/b21.t/

Table 1 Nondimensional parameters of models7

Model ± Xe g0 g1 g2

B1N1 0.31250E¡01 0.51333EC00 0.86206EC00 0.68807E¡01 0.66707E¡01
B4N2 0.31250E¡01 0.49500EC00 0.86206EC00 0.53002E¡01 0.57596E¡01
B5N5 0.32609E¡01 0.62261EC00 0.85606EC00 0.16423EC00 0.12753EC00

Table 2 Aerodynamic and gravity acceleration coef� cients for models7

Model cl cm cgU 2
1 , m2 /s2 cg

B1N1 0.29915E¡03 0.22204E¡02 0.95585EC02 0.16080E¡01
B4N2 0.72519E¡03 0.38857E¡02 0.95585EC02 0.16080E¡01
B5N5 0.36773E¡02 0.24684E¡01 0.87786EC02 0.14768E¡01

b1 ´ .1=1/f.1 ¡ cm¼g2/[G1.t/ ¡ G1.0/] C cm ¼g1[G2.t/ ¡ G2.0/]

C cm¼ [G1.0/G2.t/ ¡ G1.t/G2.0/]g

b2 ´ .1=1/f.1 C cl¼g0/[G1.0/ ¡ G1.t/] C cl ¼g1[G0.t/ ¡ G0.0/]

C cl ¼ [G1.0/G0.t/ ¡ G1.t/G0.0/]g

The � rst term of Eqs. (4a–4b) models the gravity effect, the sec-
ond term comes from the initial conditions,and the third term arises
from the boundary and initial conditions. The angular acceleration
is proportional to the product of the pitching moment coef� cient
cm , the gravity force coef� cient cg , and the value g1 C G1.t/ char-
acterizing the displacement of the center of pressure from the c.g.8

Equations (4) can be solved numerically using, for example, the
Runge–Kutta method. Note that the slip-surface effect and the top-
wall effect rapidly decrease as the body moves away from these
boundaries.Neglecting terms of the order of O.q2 C q2

1 /, which are
associatedwith the boundary effects, the solution of Eqs. (4) can be
expressed in explicit analytical form:

Yc.t/ D Y0 C V0t ¡ 1 ¡ ¼cm g2

210
cg t2

®.t/ D ®0 C !0t C
¼g1cm cg

210
t 2 (5a)

10 D .1 C cl ¼g0/.1 ¡ cm ¼g2/ C clcm ¼ 2g2
1 (5b)

Equations (5) show that the c.g. coordinateYc.t/ and the pitch angle
®.t/ are parabolic functions of time when the body moves in an
unbounded � uid at rest.

It is also possible to obtain analytical solutions of Eqs. (4), when
the lift and moment are small compared to the body weight. This is
typical for many practical cases because the coef� cients cl and cm

are proportionalto the air density to body density ratio, ½1=½b ¿ 1.
For a body of uniform density, nondimensionalballistic parameters
may be de� ned as

cl D
½1

½b¼g0
; cm D

½1

½b¼g2
;

cl

cm
D

g2

g0

(6)

For the experimental conditions,7 the coef� cients cl and cm as
well as other basic parameters are shown in Tables 1 and 2, where
the gravity force coef� cient is calculated at the freestream speed
U1 D 77.1 m/s.

If terms linear in cl and cm are retainedin Eqs. (4), theapproximate
linear and angular trajectories are

Yc D Y0 C V0t ¡ 0:5.1 ¡ ¼cl g0/cg t2

® D ®0 C !0t C 0:5¼g1cmcg t 2 (7)

The c.g. coordinate and the pitch angle are parabolic functions
of time. In the � rst-order approximation, the vertical motion corre-
sponds to a pure gravity drop. The lift force gives a small negative
correction of the c.g. acceleration similar to the case of a plunging
cylinder in the presenceof a shear layer consideredin Ref. 4. As will
be shown, the analytical expressions (7) are consistent with trends
of numerical solutions and experimental data.
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Phase 3: Body Outside Cavity
If the body is totally outside the cavityand moves into an external

freestream, the lift force and pitching moment are again expressed
as integrals along the body axis with the integrands being a power
series with respect to the parameterq D 0:5a=H (see Ref. 5). When
these analytical solutionsare analyzed, the slip-surfaceeffect on the
body trajectory is found to be proportional to the quantity

Z xe

x0

qa2ax dx C
Z xe

x0

q2a2 dx »
Nq
3

C q2g0 C O.q3g0/ (8)

where theoverbarsdenoteaveragingalongthebodyaxis.For typical
cases, the body shape factor is given by Eq. (3c), g0 D O.1/. The
average distance parameter is Nq · 0:5. Its maximum value Nq D 0:5
correspondsto contactof the body surface with the slip surface.The
maximum values of the � rst and second terms in Eq. (8) are 1

6 and
1
4 , respectively.As the body drops,both terms decreasequickly, and
the slip-surfaceeffectvanishes.Thus, dominanttermsare associated
with the body drop in an unbounded uniform stream. In this case,
the equationsfor the lift force and pitch moment can be reduced to

L D ¼

µ
¡g0

dVc

dt
C g1

d!

dt
¡ .Vc ¡ ®/a2

e C !
¡
g0 C xea

2
e

¢¶
(9a)

M D ¼

µ
¡g1

dVc

dt
C g2

d!

dt
C .Vc ¡ ®/

¡
g0 ¡ xea

2
e

¢
C !x2

e a2
e

¶

(9b)

where ae D a.xe/ is the base radius (ae D 1 for a cylindrical after-
body). These expressionswere derivedfor bodies with a sharp nose,
a.x0/ D 0. Substitutionof Eqs. (9a) and (9b) into the trajectoryequa-
tions (2a) and integration once give the linear ordinary differential
equation (ODE) system (with constant coef� cients)

dVc

dt
D c11.Vc ¡ ®/ C c12! ¡ c10

d!

dt
D c21.Vc ¡ ®/ C c22! C c20 (10a)

c10 D 1 ¡ cm ¼g2

10
cg; c20 D

cm cg¼g1

10

c11 D
cl¼

10

£
cm ¼g1

¡
g0 ¡ xea

2
e

¢
¡ .1 ¡ cm ¼g2/a2

e

¤
(10b)

c12 D
cl ¼

10

£
.1 ¡ cm ¼g2/

¡
g0 C xea

2
e

¢
C cm ¼g1x2

e a2
e

¤
(10c)

c21 D
cm¼

10

£
.1 C cl ¼g0/

¡
g0 ¡ xea

2
e

¢
C cl ¼g1a2

e

¤
(10d)

c22 D
cm ¼

10

£
.1 C cl ¼g0/x

2
e a2

e ¡ cl ¼g1

¡
g0 C xea

2
e

¢¤
(10e)

where 10 is given by Eq. (5b).
We consider the Cauchy problem for Eqs. (10a) assuming that

the body is totally outside the cavity for t ¸ t0 , and its initial speeds,
coordinate, and pitch angle are

Vc.t0/ D V 0
0; !.t0/ D !0

0; Yc.t0/ D Y 0
0; ®.t0/ D ®0

0

(11)

From Eqs. (10a), the angular velocity ! and the function
W .t/ D Vc.t/ ¡ ®.t/ are solutions of the decoupled equations

d2W

dt 2
¡ 2°

dW

dt
C ·W C c1 D 0;

d2!

dt2
¡ 2°

d!

dt
C ·! C c2 D 0

(12)
where the constant coef� cients are

° D
cm ¼a2

e

210

µ
x2

e ¡
cl

cm
C ¼cl

¡
x2

e g0 ¡ 2xeg1 C g2

¢¶

· D
cm¼

10

£
g0 ¡ a2

e xe ¡ cl¼a2
e .g0xe ¡ g1/

¤
(13a)

c1 D
cm cg¼

10

¡
g1 ¡ x2

e a2
e

¢
; c2 D

cm cg¼

10

¡
g0 ¡ xea

2
e

¢

(13b)

The characteristic (secular) equation for the eigenvalues of ODE
system (10a) and its solutions are

¸2 ¡ 2° ¸ C · D 0; ¸1 D ° C iÄ

¸2 D ° ¡ iÄ; Ä D
p

· ¡ ° 2 (14)

Various cases signi� cant for the trajectory stability will now be
discussed.

Eigenvalues ¸1 and ¸2 Are Complex
If ¸1 and ¸2 are complex, then the trajectory parameters are ex-

pressed in the form

Vc.t/ D V 0
0 C .d ¡ c2¿/=· C e° ¿ .A1 cosÄ¿ C A2 sin Ä¿/

! D ¡.c2=·/ C e° ¿ .B1 cos Ä¿ C B2 sin Ä¿/ (15a)

Yc.t/ D Y 0
0 C .V 0

0 C d=·/¿ ¡ .c2=2·/¿ 2 C .et° =·/

£ [.° A1 ¡ ÄA2/ cos Ä¿ C .ÄA1 C ° A2/ sin Ä¿ ] (15b)

®.t/ D ®0
0 ¡ .1=·/

©
c2¿ C ° B1 ¡ ÄB2 ¡ e° ¿ [.° B1 ¡ ÄB2/ cos Ä¿

C .ÄB1 C ° B2/ sin Ä¿ ]
ª

(15c)

where ¿ D t ¡ t0 and d D ¡·.V 0
0 ¡ ®0

0/ ¡ c1 ¡ ° B1 C ÄB2. The co-
ef� cients A1, A2, B1 , and B2 are determined from the initial condi-
tions (11) and Eqs. (10a). They are expressed as

A1 D ¡
d

·
; A2 D

c2

Ä·
C

PV0 ¡ ° A1

Ä

PV0 D dV .0/

dt
D c11.V

0
0 ¡ ®0

0/ C c12!0
0 ¡ c10 (16a)

B1 D !0
0 C

c2

·
; B2 D

P!0 ¡ ° B1

Ä

P!0 D d!.0/

dt
D c21.V 0

0 ¡ ®0
0/ C c22!

0
0 C c20 (16b)

Equations (15) indicate that the body motion includes two com-
ponents. The � rst terms of Eqs. (15a) and (15b) correspond to body
rotationwith the constant angular speed ¡c2=· and a vertical trans-
lation with uniform acceleration¡c2=· . Also present is a drift with
constantvelocity ®0

0 ¡ .c1 C 2° B1 ¡ P!0/=· that depends on the ini-
tial angle of attack and angular velocity. These terms are associated
with a nonoscillatory motion, which is called the mean state. The
secondcomponentcorrespondsto periodicmodulationsof the mean
state. These oscillations are neutral for ° D 0, unstable for positive
° , and stable for negative ° . For zero base radius ae D 0, Eq. (13)
specializes to

° D 0; · D Ä2 D .cm¼=10/g0; c1 D .cm cg¼=10/g1

c2 D .cmcg¼=10/g0

This case corresponds to neutral oscillations. For heavy bodies
with base radius ae D 1 and small ballistic coef� cients cl ¿ 1 and
cm ¿ 1, we can linearize about cl and cm . Equations (13) yield

° D ¼cm

¡
x2

e ¡ cl=cm

¢
; · D Ä2 D cm ¼.g0 ¡ xe/ (17a)

c1 D ¼cm cg

¡
g1 ¡ x2

e

¢
; c2 D ¼cm cg.g0 ¡ xe/

d D ¼cl .!0 C cg/ (17b)
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Equations (17) show that oscillations are unstable for x2
e > cl=cm .

This case � ts the experimental conditionsof Ref. 7. For x2
e · cl=cm ,

oscillationsare stable or neutral. In all cases the increment is small,
° » cm » Ä2 ¿ 1. The expressions for the vertical speed and
angular velocity are

Vc D V 0
0 ¡ cg¿ C A1.e° ¿ cosÄ¿ ¡ 1/ C A2e

° ¿ sin Ä¿

! D ¡cg C e° ¿ .B1 cos Ä¿ C B2 sin Ä¿/

The � rst equation indicates that the c.g. oscillates near its mean
state associatedwith freedrop. If the bodydynamicsis stable,° < 0,
then the oscillations vanish as ¿ ! 1. Nevertheless, they induce
the constant vertical velocity ¡A1 D cl¼.! 0

0 C cg/=Ä2 . The second
equation shows that the angular velocity oscillates near its mean
level, N! D ¡cg , associated with free drop.

Eigenvalues ¸1 and ¸2 Are Real
If ¸1 D ° C º and ¸2 D ° ¡ º [º D

p
.° 2 ¡ ·/] are real, then the

solution of Eqs. (10a) or Eqs. (12) is

Vc.t/ D V 0
0 C .d ¡ c2¿/=· C e° ¿ .A1chº¿ C A2shº¿ /

! D ¡.c2=·/ C e° ¿ .B1chº¿ C B2shº¿/ (18a)

Yc.t/ D Y 0
0 C .V 0

0 C d=·/¿ ¡ .c2=2·/¿ 2

C .et° =·/[.° A1 ¡ º A2/chº¿ C .° A2 ¡ º A1/shº¿ ] (18b)

®.t/ D ®0
0 ¡ .1=·/

©
c2¿ C ° B1 ¡ º B2 ¡ e° ¿ [.° B1 ¡ º B2/chº¿

C .° B2 ¡ ºB1/shº¿ ]
ª

(18c)

where d D ¡·.V 0
0 ¡ ®0

0/ ¡ c1 ¡ ° B1 C ºB2 and the coef� cients are

A1 D ¡.d=·/; A2 D c2=º· C . PV0 ¡ ° A1/=º

B1 D !0
0 C c2=·; B2 D . P!0 ¡ ° B1/=º (19)

Again the body motion has two components. The � rst compo-
nent is similar to that of the earlier case. It is associated with a pure
gravity drop and can be treated as a basic state. The second com-
ponent is relevant to an exponential drift from or toward the basic
state dependingon the signs of the eigenvalues.If ¸1 < 0 and ¸2 < 0,
then the exponents decay as ¿ ! 1, and the body motion evolves
from the initial conditionsto the basic state, which includes rotation
with constant angular velocity and translation with constant accel-
eration. If ¸1 and/or¸2 are positive, then the exponentialterms grow
with time, and the body departs from its basic state (aperiodic di-
vergence). If º D 0, then the second component of the body motion
is governed by the sign of ° .

The aforementionedanalyticalsolutionsand stabilitycharacteris-
tics of the bodydynamicscan be used for fast qualitativeestimations
of the body trajectory outside the cavity. To our knowledge, these
results are new.

Results and Discussion
To calculate the body trajectory including all phases of the sep-

aration process Eqs. (2a) are numerically integrated using a sixth-
order Runge–Kutta scheme (see Ref. 9). Our computational code
includesa module that calculates the lift force and pitchingmoment
for phases 1–3 using the analytical results of Ref. 5. The accuracy
of the predictions can be related to the size of the perturbation pa-
rameters and uncertainties in the experimental launch conditions.
(Because these data are referenced, their accuracy can be obtained
from the authors.) In the best cases, the accuracy can be as good
as a few percent when the aerodynamic forces are small compared
to the weight and the characteristicpitch inertia with experimental
initial conditions that matched those assumed in the theory. Large
excursions can result if large-scale shear layer motions occur and
other disturbancesevolve in the external � ow.

The combined asymptotic and numerical method described pro-
vides a means to calculate rapidly body trajectories. One trajec-
tory is normally predicted in less than 0.5 min using a personal
computer Pentium 166. This quick-turnaroundpersonal-computer-

Fig. 2 Models for free-drop tests in the IIT wind tunnel.

a)

b)

Fig. 3 Model B4N2, U 1 = 62.3 m/s, Y0 = 1.42 in. (0.0361m), ®0 = 0 deg,
V0 = 8 in./s (0.2032 m/s), and !0 = 9 deg/s.

oriented tool will be compared to the subsonic experimental data7

in what follows.

Experimental Data
Drop tests7 were conductedin the NationalDiagnosticWind Tun-

nel of the Illinois Institute of Technology (IIT) Fluid Dynamics
Research Center at the Mach number range 0:12 < M < 0:23. The
rectangular cavity of 20 in. (0.508 m) length, 41 in. (1.0414 m)
width, and 4 in. (0.1016 m) height was mounted on the top wall of
the wind-tunnel test section. The test articles were bodies of revolu-
tion of radius

_
a0 D 3

8 in. (0.009525m) and nose length
_
x n D 3:56 in.

(0.090424 m) (Fig. 2). Two models (B1N1 and B4N2) were ogive
cylinders 12 in. (0.3048 m) length. The third model (B5N5) had
an elliptic nose and a total length of 11.5 in. (0.2921 m). The
heaviest model, B1N1, had mass m D 111:85 g, moment of inertia
I D 0:0014 kg ¢ m2 , and c.g. location

_
x 0 D 6:16 in. (0.1565 m). For

model B4N2, m D 46:14 g, I D 0:0008 kg ¢ m2 , and
_
x 0 D 5:94 in.

(0.1509 m). The lightest model, B5N5, had m D 8:72 g and
I D 0:000015 kg ¢ m2. In these experiments, bodies were dropped
from a cavity in the IIT wind tunnel.
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a)

b)

Fig. 4 Model B4N2, U 1 = 41.3 m/s, Y0 = 2.4 in. (0.061 m), ®0 = 9.6 deg,
V0 = 2 in./s (0.0508 m/s), and !0 = ¡ 80 deg/s.

a)

b)

Fig. 5 Model B1N1, U 1 = 62.7 m/s, Y0 = 2.72 in./s (0.0691 m), ®0 =
¡ 11.8 deg, V0 = 9 in./s (0.2286 m/s), and !0 = 75 deg/s.

The models were released by withdrawing pins holding them at
their noses and tails.

Comparison with Experiment
Preliminary analysis of the experimental data shows that during

the release time tr ¼ 0:03 s, the initial angularand vertical velocities
can be essentially affected by uncontrolled disturbances that may
be induced by the release mechanism. During the release time, the
gravity force may increase the pitch rate, if the model ends are not
released simultaneously.This motivated identi� cation of the actual
initial angular speed

_
!0 and vertical velocity

_

V 0 by differentiating
the experimental distributions of the pitch angle

_
®.

_

t / and the c.g.
vertical coordinate

_

Y c.
_

t /.

a)

b)

Fig. 6 Model B1N1, U 1 = 40.8 m/s, Y0 = 2.65 in. (0.0673 m), ®0 =
¡ 7.8 deg, V0 = 15 in./s (0.381 m/s), and !0 = 80 deg/s.

a)

b)

Fig. 7 Model B4N2, U 1 = 40.6 m/s, Y0 = 2.65 in. (0.0673 m), ®0 =
¡ 9:2 deg, V0 = 15 in./s (0.381 m/s), and !0 = 70.8 deg/s.

Figures3a–10ashowcomparisonsbetweenpredicted(solid lines)
and experimental (symbols) c.g. trajectories for all three models.
Dashed lines indicate the free-drop trajectories under the gravity
force only. As already noted, the lift is small compared to the body
weight.The free drop in a vacuumis very close to the computational
results and the experimental data for moderate angles of attack, es-
pecially for the heavier model, B1N1. However, the vacuum curve
diverges from the experimental data if the body enters into the ex-
ternal stream at relatively large O®. This is clearly seen in Figs. 4a,
8a, and 10a. In these cases, the theoretical prediction accounting
for aerodynamic loads is in a good agreement with the experiment.
Moreover, the theoretical model is capable of capturing trajectory
nuances shown in Fig. 8a.
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a)

b)

Fig. 8 ModelB5N5, U 1 = 62.5m/s,Y0 = 3.85 in. (0.978m), ®0 = 2.4 deg,
V0 = 19 in./s (0.4826 m/s), and !0 = 140 deg/s.

a)

b)

Fig. 9 ModelB4N2, U 1 = 62.3m/s,Y0 = 2.33 in. (0.592m), ®0 = 9.5 deg,
and V0 = 6 in./s (0.1524 m/s).

Figures 3b–10b show a comparison between predicted (lines)
and experimental (symbols) histories of the angle of attack O®.t/.
Figures 3b–6b show good agreement between the theory and the
experiment. The agreement is only satisfactory for the cases shown
in Figs. 7b–9b. Rough estimates indicate that the initial growth of
O® (Fig. 7b) may be associated with an initial pitch impulse gener-
ated by the release mechanism under a gravitational couple from
the pins. In this case, both the initial angle of attack and angular
speed were estimated from the experimental data. These were used
as the initial conditions for the calculations.For the lightest model,
B5N5 (Fig. 8b), the discrepancy seems to be due to the difference
between the actual nose shape (elliptic) and the shape used in our

a)

b)

Fig. 10 Model B4N2, U 1 = 62.1 m/s, Y0 = 2.8 in. (0.0711 m), ®0 =
¡ 11.9 deg, V0 = 15 in./s (0.381 m/s), and !0 = 52.86 deg/s.

a)

b)

Fig. 11 Effects of initial vertical velocity: model B4N2, U 1 = 62.3 m/s;
Y0 = 1.42 in. (0.0361 m); ®0 = 0 deg; !0 = 8 deg/s; ——, V0 = 8 in./s
(0.2032 m/s); – – – , V0 = 50 in./s (1.27 m/s).

calculations (parabolic ogive). Unfortunately,calculationswere not
possible for the actual nose because its geometry was not available.
Note that the nose shape becomes more important at large pitch
angles. The divergence of the predicted and experimental curves
in Fig. 9b seems to be due to the � ow inside the cavity, which is
presently not included in our modeling. Namely, the nonuniform
upwash � eld due to the recirculatory� ow in the cavity has not been
included. Such an upwash � eld will change the cross� ow angle of
attack from that due solely to the vertical speed of the body, which
has been accounted for in the approximate model described here.
This can be thought of as a � rst estimate of the � ow physics. The
effect of the upwash � eld can be considered a re� nement of this
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a)

b)

Fig. 12 Effect of freestream velocity on the body trajectory: model
B4N2, Y0 = 1.42 in. (0.0361 m); ®0 = 0 deg; V0 = 8 in./s; !0 = 8 deg/s;
——, U 1 = 62:3 m/s; – – –, U 1 = 200 m/s.

a)

b)

Fig. 13 In� uence of the initial angular speed on the body trajectory:
model B4N2, U 1 = 62.3 m/s, Y0 = 1.42 in. (0.0361 m), ®0 = 0 deg, and
V0 = 8 in./s (0.2032 m/s).

model in which this recirculatory � ow can be estimated from the
empty cavity � ow. An inviscid approximationfor the latter is given
in Ref. 4 for deep cavities. (Deep cavities are almost bridged at
their top end by the shear layer in contrast to shallow cavities for
which the shear layer will collide with their bottom.) Further re� ne-
ments would include the interaction of the moving body with this
nonuniform � ow for both deep and shallow cavities. Pitch oscilla-
tions observed in phase 1 (body is totally inside the cavity) clearly
indicate the presence of this effect, which may also explain the sub-
stantial differencebetween the theory and the experiment shown in
Fig. 10b.

As indicated earlier, the pitch behavior in phase 3 (body is out-
side the cavity) strongly depends on the entry condition, which is a

a)

b)

c)

Fig.14 In� uenceof the initialpitchangleonthe body trajectory: model
B4N2, U 1 = 62.3 m/s, Y0 = 1.42 in. (0.0361 m), V0 = 8 in./s (0.2032 m/s),
and !0 = 8 deg/s.

functionof the angularvelocity,verticalspeed, and their derivatives.
For the case shown in Fig. 10b, the shear layer displacement from
its basic state into the cavity may cause a phase jump of the right-
hand-side term in Eq. (2a) from 0 to 180 deg. Such a jump affects
the pitch history outside the cavity. This is illustrated in Fig. 10b
by the dotted line that was calculated with the opposite sign of the
pitching moment. It is seen that this curve is in a good agreement
with the experimentaldata. On the other hand, experimentalcurves,
shown in Figs. 5b, 6b, and 7b for approximately the same initial
conditions,have a regular behavior, that is, they are in a good agree-
ment with the computationsperformed without changes of the sign
of pitching moment. These � ndings suggest that there is a bifurca-
tion in the pitch history ®.t/ when the body enters into the external
stream. The trajectory equations allow such a bifurcation because
the aerodynamicforcing terms of Eqs. (2a) are nonlinear (quadratic)
functions of speeds V and !. One of two possible trajectories is se-
lected when the body crosses the shear layer. Therefore, phase 2
serves as a trigger of the pitch bifurcation. Accurate modeling of
this mechanism is important for prediction of the pitch history and
store trajectory in the next phase, when the store is outside the cav-
ity. To verify this hypothesis additional theoretical, numerical, and
experimental studies are needed.

Parametric Studies
Parametric studies of the body trajectory were conducted for dif-

ferent initial conditions, body parameters, and freestream speeds.
The results are shown in Figs. 11–15. Variations of the initial ver-
tical velocity cause not only c.g. acceleration but phase shift of the
pitch angle (Fig. 11). In accord with the analytical solution dis-
cussed earlier, an increase of the freestreamvelocity leads to a sub-
stantial increaseof the mean pitching angle and the pitch oscillation
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a)

b)

Fig. 15 Trajectories of different models: U 1 = 62.3 m/s, Y0 = 1.42 in.
(0.0361 m), ®0 = 0 deg, V0 = 8 in./s (0.2032 m/s), and !0 = 8 deg/s.

frequency (Fig. 12), while the c.g. trajectory is changed slightly.
Figure 13 shows that the pitch oscillation amplitude increases and
the phase shift occurs as the initial angular speed increases.Ampli-
� cation of the pitch oscillations is stronger in the case of positive
!0 with the c.g. trajectoryalso noticeablyaffected. The effect of the
initial pitch angle is similar to the effect of !0 (compare Figs. 14
and 15). However, the variation of the c.g. trajectory in this case is
smaller.

Trajectory dependencieson the body shape are shown in Fig. 15.
The calculations were performed for three experimental models of
Ref. 7 under the same initial conditions. As expected, the highest
amplitude and frequency of the body oscillations correspond to the
lightest model, B5N5. It is also seen that the body trajectories out-
side the cavity are consistentwith the analytical solution discussed
earlier.

Conclusions
This paper discussed modeling of two-DOF vertical and pitch-

ing motions of thin bodies of revolution separating from a rectan-
gular cavity into an external freestream. The problem is analyzed
using combined asymptotic and numerical methods. The body dy-
namic equations include aerodynamic forces and moments, which
are predictedusing approximateanalyticalsolutionsobtained in our
previous studies within the framework of the slender body theory.
Differentphasesof the separationprocesswere analyzedusing small
perturbation theories. This leads to simpli� cations of the trajectory
equations and their integration in closed form for different typical
cases associated with phase 1 (body is inside the cavity) and phase
3 (body is outside the cavity). These analytical solutions provide
explicit dependencies of the body trajectory on the � ow and body
characteristics,which allows identi� cationof the criticalparameters
and insight gained into the physics of the separation process.

The numericalcode predictingthe trajectoriesfor all three phases
of store separation was validated by comparison with the experi-
ment. For a major portion of the data, the calculationsare in a good

agreement with experiment.Moreover, the theory is able to capture
nuances of the body pitching observed experimentally. These re-
sults con� rm our theoreticalmodel. However, there are cases when
the agreement is only satisfactory. The body separation is affected
by more complex � ow phenomena, which are not captured by our
model. One discrepancy seems to be due to the slip-surface dis-
placement induced by the shear layer instability and/or self-excited
oscillationsof the cavity � ow. These effects can lead to the pitching
moment phase jump from 0 to 180 deg during phase 2, when the
body crosses the shear layer. The jump may trigger quick transi-
tion from one pitch angle trajectory to another for phase 3, when
the body is outside the cavity. Our calculations showed that this in-
terpretation is consistent with the experimental data indicating the
existence of two substantiallydifferent pitching trajectories for ap-
proximatelythe same initial conditions.Becausenonlineardynamic
equations are involved, the body trajectory may have a bifurcation
point associated with phase 2. Although this transitional phase is
relatively short, its aerodynamics may determine the selection be-
tween possible trajectories outside the cavity. Further theoretical
and experimental studies are needed to establish and clarify the bi-
furcation mechanism. Our future work will extend this model to
transonic speeds.
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